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We study the QCD vacuum structure under the inﬂuence of an electromagnetic ﬁeld with a nonzero 
second Lorentz invariant I2 = E · B . We show that the presence of I2 can induce neutral pion (π0) 
condensation in the QCD vacuum through the electromagnetic triangle anomaly. Within the frameworks 
of chiral perturbation theory at leading small-momenta expansion as well as the Nambu–Jona-Lasinio 
model at leading 1/Nc expansion, we quantify the dependence of the π0 condensate on I2. The stability 
of the π0-condensed vacuum against the Schwinger charged pair production due to electric ﬁeld is also 
discussed.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The vacuum structure of Quantum Chromodynamics (QCD) has 
been intensively studied over many years and a variety of interest-
ing properties have been extracted. For example, it is well-known 
that the normal QCD vacuum possesses the spontaneous (approxi-
mate) chiral symmetry breaking (CSB) which can be characterized 
by the scalar quark–antiquark condensate 〈ψ¯ψ〉 = 0; while the 
pseudoscalar condensates like 〈ψ¯ iγ5τ3ψ〉 with τ3 the third Pauli 
matrix are not permitted — an assertion known as the Vafa–Witten 
theorem [1].
Under proper conditions, the QCD vacuum structure can be 
altered, usually through phase transitions. Examples include the 
pion superﬂuid phase at high isospin chemical potential [2–4] and 
the color superconducting phase at high baryon chemical poten-
tial [5–7]; in the ﬁrst case the isospin symmetry is broken while 
the chiral symmetry is restored and in the second case the color 
symmetry is broken while the chiral symmetry may or may not be 
broken.
Strong electromagnetic (EM) ﬁelds provide another way to 
modify the QCD vacuum. Strong magnetic ﬁelds may exist in 
compact stars [8–10], heavy-ion collisions [11–13], and early uni-
verse [14–16]. Strong electric ﬁelds may also be accessible in 
heavy-ion collisions [17–19]. The presence of the magnetic ﬁeld 
is known to enhance the scalar 〈ψ¯ψ〉 condensate at zero quark 
chemical potentials which is called the magnetic catalysis of the 
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SCOAP3.Fig. 1. The electromagnetic triangle anomaly.
CSB [20–23], while the effect of the magnetic ﬁeld on the CSB 
at ﬁnite temperature or chemical potentials shows novel features 
which are still not fully understood [24–29]. It was also proposed 
that when |eB|  m2ρ with mρ the mass of the rho meson, the 
QCD vacuum will become a superconductor due to charged rho 
condensation [30]. The effect of electric ﬁeld on the CSB was also 
studied [31–33] and it was found that the electric ﬁeld always 
tends to break the scalar quark–antiquark pairs and thus weaken 
the CSB.
In this Letter, we study the combined effect of the electric and 
magnetic ﬁelds on QCD vacuum. We focus on the EM-ﬁeld conﬁg-
uration where the second Lorentz invariant I2 = E · B is nonzero. 
We show that the presence of I2 provides a parity-odd environ-
ment in which the otherwise-forbidden (by Vafa–Witten theorem) 
neutral pion condensation can occur via the EM triangle anomaly 
(see Fig. 1). We calculate the π0 condensate within both the chi-
ral perturbation theory (ChPT) and the Nambu–Jona-Lasinio (NJL) 
model frameworks and identical result is obtained,
π0
m∗
=
⎧⎨
⎩
Nc
4π2 f 2πm
2
π
(q2u − q2d)E · B for |I2| < Ic2,
sgn(I ) for |I | > Ic ,
(1)2 2 2
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duced by EM triangle anomaly.
where m∗ = √(π0)2 + σ 2 with σ ∼ 〈ψ¯ψ〉 and π0 ∼ 〈ψ¯ iγ5τ3ψ〉
the scalar and neutral pion condensates in the presence of the 
EM ﬁeld, qu = 2e/3 and qd = −e/3 are charges of u and d quarks 
with e > 0 the proton charge, and Ic2 = 4π2 f 2πm2π/[Nc(q2u − q2d)] is 
a critical value for |I2| above which the condensate m∗ is wholly 
contributed by π0 mode. Equation (1) shows that the I2 rotates 
the chiral condensate from the σ -direction to the π0-direction 
with the rotation angle given by φ = sin−1(π0/m∗) if |I2| < Ic2 and 
φ = sgn(I2)π/2 if |I2| > Ic2 (see Fig. 2).
Throughout this article, we restrict to the zero quark chemi-
cal potential and zero temperature case. Before we proceed, we 
note that the neutral pion condensation we will study is differ-
ent from the disoriented chiral condensate (DCC) [34] proposed 
to possibly occur in heavy-ion collisions, as the latter is a far-
from-equilibrium, transient, phenomenon while the former is a 
nearly equilibrium, (quasi-)stationary, state. We point out that, in 
the context of DCC, it was also found that the large EM ﬁelds in 
heavy-ion collisions could also possibly catalyze the formation of 
the DCC [35,36].
2. Invalidation of the Vafa–Witten theorem
The EM-triangle-anomaly induced neutral pion condensation 
does not contradict the Vafa–Witten theorem. The validity of the 
Vafa–Witten theorem relies on the positivity, detD > 0, where D
is the Euclidean Dirac operator [1,37]. However, this is not the case 
in the presence of a real electric ﬁeld. To see this, we write down 
D explicitly,
D = γμ(∂μ − igAμ) + Q γ4A0 + iQ γi Ai + M, (2)
where Aμ (μ = 1 − 4) is the gluon ﬁeld, Aα (α = 0 − 3) is the 
EM ﬁeld, and M is the mass matrix. We choose the gauge such 
that E = −∇A0 and Ai is time independent. For two-ﬂavor case, 
the charge matrix is Q /e = diag(2/3, −1/3) = 1/6 + τ3/2 and the 
mass matrix is M = m0. The crucial observation is that Q is not
traceless and thus its role is similar with the baryon chemical po-
tential μ. It is well-known that the presence of μ destroys the 
positivity of detD, and so does A0. In fact, when A0 = 0 there does 
not exist a matrix  such that −1D =D† to guarantee the pos-
itivity. Choosing another gauge, e.g. A0 = 0, does not change the 
conclusion. Because in this case, Ai must depend on time, e.g. for 
constant E , Ai = −Eit , which after Wick rotation spoils again the 
positivity [38]. Note that if qu = −qd , detD is semi-positive [39].
The invalidation of the Vafa–Witten theorem in the electric 
ﬁeld has important physical contents. Physically, in the pres-
ence of E , the Dirac determinant has to be complex or at most 
semi-positive because it always receives contributions from the 
Schwinger poles which represent the particle–antiparticle pair cre-
ation due to E [40].3. Chiral perturbation theory calculation
We start with the two-ﬂavor ChPT described by the Lagrangian
L= L0 +LWZW, (3)
where L0 is the usual chiral Lagrangian given by (we keep only 
O (p2) terms)
L0 = f
2
π
4
tr
[
DμU
†DμU +m2π (U + U †)
]
, (4)
and the Wess–Zumino–Witten term LWZW is given by [41–45]
LWZW = Nc
48π2
Aμ
μναβ [tr (Q Lν Lα Lβ + Q Rν RαRβ)− i Fαβ Tν ],
(5)
Tν = tr
[
Q 2(Lν + Rν) + 1
2
(
Q U Q U †Lν + Q U †Q U Rν
)]
,
Lμ = U∂μU †,
Rμ = ∂μU †U . (6)
In the above, the covariant derivative is given by
DμU = ∂μU + Aμ[Q ,U ], (7)
and U is a 2 × 2 unitary matrix representing the chiral ﬁelds, for 
which we choose the Weinberg parametrization,
U = 1
fπ
(s + iτ · t), (8)
where the ﬁelds s and t fulﬁll the constraint s2 + t2 = f 2π .
Now we consider constant EM ﬁeld and make the approxi-
mation such that we treat all the chiral ﬁelds in (3) as uniform 
condensates. We note that the σ and π0 in Eq. (1) are propor-
tional to s and t3, respectively. In the absence of the EM ﬁeld, it 
is well-known that the CSB takes place along the σ -direction so 
that s = fπ and t = 0. The EM ﬁeld with a conﬁguration where 
I2 = E · B = 0 is coupled to the π0 ﬁeld via the triangle anomaly 
and raises the possibility of π0 condensation. If this happens, the 
CSB will be rotated from the σ -direction to π0-direction. To ex-
plore this possibility, we make the following ansatz for the con-
densates,
s = fπ cosφ, t3 = fπ sinφ, (9)
t1 = t2 = 0, (10)
where without loss of generality, we choose φ ∈ [−π/2, π/2] so 
that s ≥ 0. The Lagrangian L then becomes
L(φ) = f 2πm2π cosφ +
Nc I2
4π2
tr(Q 2τ3)φ, (11)
where we have omitted a total derivative term. As obviously, the 
second term is responsible for the triangle anomaly effects such as 
π0 → 2γ . It is easy to minimize −L(φ) and obtain
sinφ = Nc I2
4π2 f 2πm2π
tr(Q 2τ3)
= Nc I2
4π2 f 2πm
2
π
(q2u − q2d), for |I2| < Ic2, (12)
φ = sgn (I2) π
2
, for |I2| > Ic2, (13)
where Ic = 4π2 f 2πm2π/[Nc(q2u − q2)]. This is equivalent to Eq. (1).2 d
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thus Ic2 → 0, an inﬁnitesimal I2 will drive the maximum π0 con-
densation, namely, the CSB is completely driven to π0-direction 
once I2 is applied. (2) The neutral pion condensation induced by 
I2 is merely a chiral rotation; it is not a phase transition as no 
symmetry is broken along this process. (3) As a low-energy effec-
tive theory of QCD, the ChPT is reliable only when all the physical 
parameters, mπ , p, 
√|eB|, √|eE|, are much smaller than the typi-
cal hadronic scale χ ∼ 1 GeV. We can estimate that
e2 Ic2
4χ
∼ m
2
π
2χ
 1, (14)
which justiﬁes the validity of our result for I2 not too larger 
than Ic2. (4) As well-known, when |eE|  m2π (but not larger 
than 2χ ), the vacuum will be unstable because of the Schwinger 
pair production of π+π− . We will discuss this issue in another 
section.
4. Nambu–Jona-Lasinio model calculation
The ChPT is built on hadronic degrees of freedom, we now use 
the NJL model which is based on quark degrees of freedom to test 
the consequences of the ChPT. The Lagrangian of the two-ﬂavor NJL 
model is given by [46]
LNJL = ψ¯(i/D −m0)ψ + G[(ψ¯ψ)2 + (ψ¯ iγ5τψ)2], (15)
where ψ = (u, d)T represents the two-ﬂavor quark ﬁelds, m0 is the 
current mass of quarks, G is the four-fermion coupling constant, 
and
Dμ = ∂μ + iQ Aμ, (16)
is the covariant derivative. Note that, in addition to the coupling 
constant G , the NJL model contains implicitly another parameter, 
the ultraviolet cutoff , which speciﬁes the applicable region of 
the model. The values of G and  are determined by ﬁtting NJL 
predictions with the physical hadronic observables like fπ and 
〈ψ¯ψ〉 in the normal vacuum [46].
The NJL model was widely used to study a number of non-
perturbative properties of QCD, especially those related to the 
chiral symmetry. In fact, the NJL model shares the same global 
symmetries with QCD. At the mean-ﬁeld level where only the 
leading-order terms in the 1/Nc expansion are kept,
LNJL = ψ¯(i/D −m− iπ0γ5τ3)ψ − σ
2 + (π0)2
4G
, (17)
where m = m0 + σ is the constitute mass of quarks and σ =
−2G〈ψ¯ψ〉 and π0 = −2G〈ψ¯ iγ5τ3ψ〉 represent the sigma and neu-
tral pion condensates. The quark ﬁelds can then be integrated out 
analytically, which is most conveniently done in Euclidean path in-
tegral and the resultant thermodynamic potential reads
 = (m−m0)
2 + (π0)2
4G
− 1
V4
Tr ln S−1, (18)
where V4 is the Euclidean spacetime volume, Tr acts on all physi-
cal spaces, and the quark propagator is
S(x, x′) = −(i/D −m− iπ0γ5τ3)−1δ(4)(x− x′). (19)
It is diagonal in ﬂavor space which allows us to calculate it analyt-
ically by adopting the Schwinger proper-time formalism [40]. The 
result isFig. 3. The constitute quark mass m and π0 condensate as functions of I1/42 obtained 
by minimizing the thermodynamic potential  at I1 = 0 in NJL model. The presence 
of I2 always tends to diminish σ condensate while drive π0 condensation.
S f (x, x′) = −i
(4π)2
∞∫
0
ds
s2
e−iq f
∫ x
x′ A·dx[− 1
2
γ
(
q f F coth(q f F s)
− q f F
)
(x− x′) +m− sgn(q f )iγ 5π0
]
× exp
{
− i[m2 + (π0)2]s
+ i
4
(x− x′)q f F coth(q f F s)(x− x′) + i2q f σ F s
}
× −(q f s)
2 I2
Imcosh
(
iq f s(I1 + 2i I2)1/2
) ,
where f = u, d, I1 = B2 − E2 is the ﬁrst Lorentz invariant, and we 
have suppressed some of the Lorentz scripts, e.g., σ F should be 
understood as σμν Fνμ with σμν = i2 [γ μ, γ ν ]. The true vacuum 
corresponds to the global minimum of . In the case that I1 = 0
and I2 > 0, we have numerically minimized  and obtained the 
corresponding m and π0, see Fig. 3. Once I2 is turned on, ﬁnite π0
condensate arises and sigma condensate is suppressed — a feature 
representing a chiral rotation from σ -direction to π0-direction; 
when I1/42  0.28 GeV, the CSB is driven by π0 condensate solely. 
In addition, the total condensate m∗ = √m2 + (π0)2 is weakened 
and ﬁnally killed by I2 due to the presence of the electric ﬁeld 
[32,33].
To gain more insights, we write down the gap equations which 
is valid when |I2| < Ic2 (see below):
m−m0
2G
= mNc
4π2
∑
f=u,d
∞∫
0
dse−
[
m2+(π0)2]s
× q
2
f I2Re cosh[q f s
√
I1 + 2i I2]
Imcosh[q f s
√
I1 + 2i I2]
− Nc
4π2
π0
m2 + (π0)2 (q
2
u − q2d)I2, (20)
π0
2G
= π
0Nc
4π2
∑
f=u,d
∞∫
0
dse−
[
m2+(π0)2]s
× q
2
f I2Re cosh[q f s
√
I1 + 2i I2]
Imcosh[q f s
√
I1 + 2i I2]
+ Nc
4π2
m
m2 + (π0)2 (q
2
u − q2d)I2. (21)
By eliminating m, we analytically obtain
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4π2
2G
m0
(q2u − q2d)I2. (22)
By assuming the NJL version of the Gell–Mann–Oakes–Renner re-
lation, m2π f
2
π =m0m∗(2G)−1 [46,47], Eq. (22) immediately reduces 
to Eq. (1) for |I2| < Ic2 which is independent of the model parame-
ters G and .
Two comments: (1) If m0 = 0 or mπ = 0, the above formula is 
divergent. This corresponds to the chiral limit case where once I2
is turned on the CSB is immediately rotated to the π0-direction. 
(2) When |I2| > Ic2, one of the gap equations is not applicable be-
cause m is already zero. This situation is consistent with the ChPT 
result. In both NJL and ChPT frameworks, when |I2| > Ic2, the CSB 
is found to be totally driven by π0 condensation.
5. Stability of the π0-condensed vacuum
The neutral pion condensation found above requires a nonzero 
electric ﬁeld. As we know, strong electric ﬁeld can eﬃciently gen-
erate particle–antiparticle pairs (in the conﬁned phase, mostly 
π+ and π−; in the deconﬁned phase, quarks and antiquarks) 
through the Schwinger mechanism and drive the vacuum unsta-
ble. So it is necessary to analyze that under which condition the 
π0-condensed vacuum is stable. For this purpose, we need to cal-
culate the pair creation rate. This can be achieved within the ChPT 
framework by using the Schwinger proper-time method, see, e.g., 
Refs. [33,48]. We will not repeat their calculations here, but just 
quote their results relevant to our discussion.
In case that I2 = 0, we can always ﬁnd a frame in which E and 
B are parallel. We will work in such a frame. The imaginary part 
of the leading order effective Lagrangian, which is responsible for 
the π+π− production, reads
ImL= e
2|EB|
16π2
∞∑
n,l=1
(−1)n+1
n
exp
[
−nπm
2
π + |eB|(2l − 1)
|eE|
]
,
(23)
where n runs over all Schwinger poles and l runs over all Landau 
levels. The ﬁrst term in the summation over n deﬁnes the π+π−
production rate per unit volume which reads,
wπ+π− = e
2|EB|
16π2
∞∑
l=1
exp
[
−πm
2
π + |eB|(2l − 1)
|eE|
]
. (24)
It is clear that the presence of the magnetic ﬁeld effectively en-
hances the mass of charged pions,
m2π± =m2π + |eB|, (25)
and therefore as long as
|eE| m2π + |eB|, (26)
the rate of π+π− production is strongly suppressed. In this case, 
the pair-producing instability takes place over a very long time 
t ∼ 1/(wπ+π−V ) (V the volume) and it is meaningful to consider 
the “static” property of the vacuum. The “equilibrium state” neu-
tral pion condensate we have studied so far is sensible when the 
condition (26) is satisﬁed.
6. Summary
In this article, we propose a mean to tune the QCD vacuum 
by applying parallel electric and magnetic ﬁelds. The underlying 
mechanism is the electromagnetic triangle anomaly, through which 
the second Lorentz invariant I2 = E · B of the EM ﬁeld can induce a neutral pion condensate in QCD vacuum and lead to a chiral ro-
tation from the isosinglet scalar σ -direction toward the isotriplet 
pseudoscalar π0-direction. By adopting the chiral perturbation the-
ory at leading order plus the Wess–Zumino–Witten term and the 
Nambu–Jona-Lasinio model at the mean-ﬁeld approximation (lead-
ing order in 1/Nc expansion), we show that the sine of the rotation 
angle is universally given by Eq. (1). For weak electric ﬁeld, our re-
sults may be testable in lattice QCD by adopting similar strategies 
as the ones used in lattice simulations at ﬁnite baryon chemical 
potential [49].
Our ﬁnding may have experimental implications in heavy-ion 
collisions. In ultra-peripheral heavy-ion collisions the hot quark–
gluon matter may not form but quite large I2 with opposite signs 
above and below the reaction plane may exist [12] which can in-
duce transient π0 condensation. The diphoton spectrum may be 
used to distinguish the π0-condensed vacuum from the normal 
vacuum, because in the π0-condensed vacuum the σ and π0 ex-
citations are mixed which will change the diphoton emission rate 
and spectrum. We will study these experimental signatures in near 
future.
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